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ABSTRACT. This paper is devoted to the fundamental convergence theorem
on the mean-square order of numerical approximations for a class of back-
ward stochastic differential equations with terminal condition x = p(Wr + ).
Our theorem shows that the mean-square order of convergence of a numerical
method depends on the order of the one-step approximation for the mean-
square deviation only. And some numerical schemes as examples are presented
to verify the theorem.

1. Introduction. The study of backward stochastic differential equations (BS-
DEs) is strongly motivated by numerous applications in finance and stochastic con-
trol theory [1, 4]. In 1990, E. Pardoux and S. Peng [6] proved the existence and
uniqueness of the solution of the general BSDEs. They also revealed the natural
connection between the backward stochastic differential equation and the parabolic
partial differential equation (PDE) [7].

As we know, few BSDEs can be analyzed exactly, even for the simple linear case.
To further investigate this type of equations, numerical methods are necessary. In
fact some efforts have been made on this topic. The studies on the important case
that the terminal condition is a function of W, where W; is a Brownian motion, are
as follows. A family of numerical schemes depending on two parameters #; and 65
was proposed in [9] and the LP-error estimation was considered in [2] when 6; = 1
and 0 = 1. [8] developed a scheme of Crank-Nicolson type and proved the second
order convergence in the strong L!- sense for both variables while [2] proved the
second order convergence of this scheme in the LP-sense. Utilizing the variational
equation, [11] showed that for 6 € [0,1] the strong order of §-scheme is 1 for both
variables and also gave the strong order of the special case § = % The above papers
[2, 8, 9, 11] considered the case that the generator f = f(¢,Y), while [10] extended
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this to f = f(t,Y,Z). Following them, we consider the case where the terminal
condition is a function of Wp with f = f(¢,Y, Z) being the generator.

The mean-square order is an important convergence index for numerical methods
of stochastic system. In the numerical analysis of stochastic ordinary differential
equations (SODEs), [5] presents a fundamental convergence theorem which estab-
lishes the mean-square order of convergence of a method resting on properties of
its one-step approximation only. This fundamental theorem is the most important
criterion to evaluate the mean-square order of convergence for numerical approxima-
tions of SODEs. However, to the best of our knowledge, there are no such theorem
in the numerical analysis of BSDEs, even the terminal condition is reduced to a
function of Wp. Hence motivated by Milstein’s work, we propose a fundamental
convergence theorem on the mean-square orders of numerical approximations for a
class of BSDEs with terminal condition x = ¢(Wr + z) in this paper. The theorem
shows that the mean-square order of convergence of a numerical method depends
on the property of mean-square deviation of one-step approximation only. As we
all know, the solution of a BSDE is a pair of stochastic processes. The main diffi-
cult problem lies in the estimation of the martingale integrand Z;. By utilizing the
variational equation of the BSDE, this problem is solved in this paper.

The rest of the paper is organized as follows. In section 2 we present some prelim-
inaries including basic assumptions and properties of the BSDE and its variational
equation. In section 3 we prove the fundamental convergence theorem on the mean-
square order of convergence for general numerical methods. Section 4 presents some
specific numerical methods to verify the efficiency of the fundamental convergence
theorem and finally conclusions are made in section 5.

2. Preliminaries. The general form of the BSDE is
dY (t) = f(t,Y (), Z(t))dt + Z(t)dW,, 0<t<T,

1
Y(T) = x, W

where W = (W1, ... . WHT is a standard d-dimensional Brownian motion defined
on a complete probability space (2, F, P), with {F,¢t € [0,7]} being its natural
normal filtration, y € L?*(Q) is a Fr-measurable random variable, and f : [0,7] x
R x R? — R is a Lipschitz function and assumed to be B([0,7]) ® B ® BY/B
measurable. The unknowns are a pair of (F;)-adapted processes Y (t) and Z(t),
whose existence and uniqueness are shown in [6]. In this paper, Y (t) and Z(¢) are
said to be the first and second processes of equation (1), respectively.

Following [2, 8, 9, 10, 11], we focus on the case where there exists a Borel mea-
surable function ¢ : R? —— R such that x = @(Wr + x) with z € R? being
deterministic in this paper.

2.1. Basic assumptions and notations. In this paper, we make the following
assumptions:

(i) ¢(z) € C2, where CF is the set of continuously differentiable functions ¢(z)
'
Er

(ii) f(t,y,2) € C;’2’2, where Cf/Q’k’k is the set of continuously differentiable func-

tions ¢(t,y, ) such that the partial derivatives 9}°9% 92 6(t, y, z) exist and are
uniformly bounded for 2ly + 1 + I3 < k.

Since it is natural to use some sufficiently broad assumptions which allow us

to analyze the numerical approximations conveniently, we do not assert that these

such that the derivatives exist and are uniformly bounded for 1 <[ < k.
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assumptions are the optimal ones for our analysis, but they are sufficient. However,
investigations of the optimal assumptions are beyond the scope of the paper.
We also make the following notations in sequels.

e |z| is the Euclide norm of the vector or matrix x.

AT
e For f(t,y,2) : [0,T] x R x R, denote the vector (g—i, e ,887{1) of partial
2 2
derivatives with respect to each component of z by %; 88y 6’; and % mean
\T
the vector ( 822’; LR %) and the matrix (%), respectively.

o Yiine(t) is the process Y(t) under the condition Y (¢t + h) = &.
[ ] AWtk+1 = Wtk+1 — Wtk~

2.2. Properties of the BSDE and its variational equation. If x = o(Wr+z),
then the solution of BSDE (1) relates to a quasilinear parabolic PDE

d
ou 1 0%u
il E — f(t LU) = 2
with V,u = (8‘9—;‘1, e ,%)T and the terminal condition w(T,z) = ¢(x), see for

instance [7] or [11]. By It6 formula, we have the following theorem.

Theorem 2.1. Let u(t, x) be the solution of the equation (2), Yy = u(t, Wi+x), Z; =
VY; = Vou(t, Wy + ) and VZ; = V2u(t, Wy + ). Under the above assumptions
(i) and (ii), we have the following relationships

dY, = f(t, Yy, Z,)dt + Z,dW,, t € [0,T],

YT = (p(WT + l‘), (3)

and

dVY; = F(t, Yy, 2, VY, VZt)dt +VZi dWs, te [O, T], (4)

VYr = 0

%@(WT + l’),

where F(t,Y;, Z;,VY;,VZ;) = VYta%f(t,Yt, Z)+VZ 2 f(t, Yy, Z,) and the partial
derivatives refer to f = f(t,y, z).

Proof. Assume d = 1 without loss of generality.
It follows from It6 formula that

dY; = du(t,W; + x)

ou Ou 10%u
= E(t, W + .’ﬂ)dt + %(t, W, + IL’)th + 5@(
= f(t,u(t, Wy + ), %u(t, W, + z))dt + Eu(t, Wy + x)dW,

oz
= f(ta }/tv Zt)dt + thWt-

t, Wy + x)dt
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Similarly,
ou
dZy = d(—(t, Wy + x))
ox
82 82 1 33
8 au 1 3 82
0 8
- (vm@f(t, Yi, Z)+ VZig-f(t. Ve, Zt))dt £V ZdW,
= F(t,Y:, Z¢, VY, VZi)dt + V Z . dW;.
This completes the proof. O

Remark 1. We denote VY; (resp. VZ;) as the variation of Y; (resp. Z;) with
respect to x. Analogously, VY (resp. VZ;) means variation of the numerical
solution Yy (resp. Zx) with respect to x in the following.

Remark 2. The equation (4) is called the variational equation of (3). As stated be-
fore, when one analyzes the convergence order of a numerical method to the BSDE,
the difficulty usually lies in the estimation of the second process Z;. Here we solve
this problem by utilizing the variational equation (4), especially, the relationship
VY =Z

Next we present the property of the boundedness of solutions for the BSDE (3)
and its variational equation (4) under assumptions (¢) and (4¢), which can be derived
from the regularity of the solution u(¢,z) for the PDE (2), too. However, the proof
here is from the pointview of BSDEs instead of PDEs; see [3] for the boundedness
of Y; in the case of f = f(t,Y).

Throughout this paper, all constants K depend only on 7', the coefficients of the
equation and its numerical approximation, which may be different from line to line.

Proposition 1. Under assumptions (i) and (ii) above, the solutions Y;, Z; and
VZ; of the equations (3) and (4) are uniformly bounded by some positive constant
K a.s..

Proof. We define an approximating sequence by a kind of Picard iteration. Let

ZY =0, and {Yt(n), Zt(n)7 0 <t <T},>1 be defined recursively by

T T
Y™ = o(Wr +z) - / F(s, Y, Z{"D)ds / Z{MdW. (5)
t

t

Note that from equation (5) we have
T
Y;(n) =F, {SO(WT +x)— / f(S, }/S(TL), Zgn—l))ds}7
¢

where E;(-) = E(-|F;) is the conditional expectation with respect to F;.
Then

T
Y < Bl + o) + [ 1$, v, 20 D)fas).
t

Since the coeflicients ¢ and f are bounded, we see that Y,”,Vn is bounded by a
fixed constant depending on T and the bounds of the coefficients.
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Next by inductive approach we will prove that for each n there exists a finite
constant M, depending on n such that |Zt(")| and |VZt(n)| are uniformly bounded
by M,,.

Suppose that [Z" ™| and |[VZ{" | are uniformly bounded by M,_;. Obvi-
ously, this is true for n = 1.

The corresponding variational equation of (5) is

W0 ! !
7" = 5 o(Wr + ) —/t F(S)ds_/t vZ{mdw;, (6)

where F(s) = 28" 2 f(s, Y™, 20Dy + v 2D 2 f (s, ¥4, 2{"7Y),
For any nonnegative number A we consider the following BSDE

n 8 T T
AN = geWr+a) - [ PAds— [ vz@aw., (@
t t
where FA(s) = ¢MZ")2f(s, ¥ 002" Y) + vZITD L f(s, v,

¢A(Zt("_l))) and ¢4 is a truncation function such that ¢4 (z) = z for |z| < A,
and in the next we shall determine A.
Note that d)A(Zt(")) also satisfies the following equation

n ) T
oM(2") = B, %@(WTﬂ-x)—/t FA(s)ds].

Under the bounded condition of g—?’;, %, vz and (bA(Zt(n)), we can derive the
boundedness of qﬁA(Zt(n)). However, the bound here depends on A and it’s not the
final bound that we need. So let h™(t) = |(;5A(Zt("))|OO denotes the L (€)-norm of
QSA(Zt(")). Then h4(t) satisfies the inequality

T
() < Ky + Ks / h?(s)ds,
t

where K7 depends on the bounds of g—f, %, VZ‘gn*l) and Ky depends on the bound

of %@J;v thus K;ef2T < co. By Gronwall’s inequality, we know that there exists a
finite constant M, such that

hA(t) < M,,.
Note that M,, does not depend on A; therefore if we choose A = M,, in (7), then
QSA(Zt(")) actually is Zt("), which means

2| < WA < M, as.

Similarly, consider the corresponding variational equation of (6)

02 g ’
VZt(n) = @@(WT + ) —/t G(s)ds —/ VEZ{Maw,

t
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where

G(S)

2 T
= o I, 2L 2 ) 4 240 (o 0, 20 w2k

0y0z

2
*Vzgn_l)%f (5, Y0, 20 0) (2T + 92070 L (5, Y, 20w 20
Yoz z

9 9 T
9 b5y ze-0ygzm 4 (2 sy gm0y y2z0-
+, 15, ¥I0, 200V + (5o f (.Y, 20070) ) w2z,

After the parallel procedure as the demonstration of Zt(”)
edness of VZt(”).

By induction on n, we get that for all n > 0, Yt(n), Zt(") and VZt(n) are bounded
by a constant M, a.s..

Since Yt("), Zt(") and VZt(") converge to Y;, Z; and VZ; in L?(Q) respectively;
(W)v Zt("k)

, we can obtain the bound-

see [6] for the proof of the L? convergence, there exist subsequences Y,

and VZt(n’“) converge to Yy, Z; and VZ; a.s., respectively.
For the fixed number € = 1, there exists a natural number N such that |X; —

N)| < 1, where X stands for Y or Z or VZ. Hence by triangle inequality, we

have
X < 1X — XV 4+ XN < My +1 < 0.

Therefore the proof of this proposition is completed. O

The proofs of the following proposition need that f(¢,z,y) grows at most as a
linear function of x and y, i.e., there exists some positive constant K, such that

V(t,z,y), [f(t ) < KO+ x|+ [yl),

which follows from assumption (ii).
Proposition 2. Suppose that Y (t + h) = £ € L2(Q) is a Fyyn-measurable random

variable. Then the solution of the equation (3) satisfies the following inequality
(h < 1):

t+h
E|Y (t)]* + E/ |Z(s)?ds < K(1+ E[¢)*), 0<t<T. (8)
t
Proof. By the It formula we have
E|lY()|* + E/ (5)]*ds = B|¢)? — 2E/ Y(s)f(s,Y(s), Z(s))ds
< Bl +2E / NIf (5, (s), Z(s)|ds

t+h
< Bl¢P +2KE / Y ()I[L+ 1Y (s)] + 1 2(s)]] ds

t+h 1 t+h
<E|EP+h+ (2K+3K2)E/ [V (s)]?ds + 5E/ |Z(s)|*ds,
t t

where the last inequality follows from the fact ab < %(a2 + b?). Immediately, this
leads to the following inequality

ElY(t)]* + E/ |2ds<E|§|2+1+KE/ Y (s)[*ds.
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Then (8) is nothing other than Gronwall’s lemma. This completes the proof. O

Proposition 3. Under the same assumption of Proposition 2, we have
ElYene(t) =€ < K(1+ El¢[*)h.

Proof. From the equation (3), we have

t+h t+h
PYiane®) —¢F =Bl [ 1Y) 265+ [ Z(6aw ()P

t+h t+h
< 2hE/ f(s,Y(s),Z(s))2ds+2E/ 1Z(s)[2ds

<KhE/ (L+ Y (s)]>+12(s) ds+2E/ s)|?ds
<Kh2+KhE/ Y (s)| ds—l—KE/ Z(s)|*ds
< Kh(1+ E|¢?)

where the last inequality follows from the boundedness of |Z(s)| and Proposition 2.
Therefore the proof is completed. 0

Proposition 4. Under the same assumption as Proposition 2, we have the following
estimation

|B(Yiane(t) (Yiene(t) — )] < K(1+ B*)h.
Proof. From the equation (3), we have
[E(Yitne()(Yipne(t) = &)l

t+h
< B(|Yiine(®)] / F(5, Yoine(s), Zuone(s)) ds])

t+h
< (E|Yt+h,g(t)l2)1/2(E|/t (5. Yeeng(s), Zesne(s) ds|) /2

< K1+ E|E*)h.
This completes the proof. O

The similar properties of the solution of the variational equation (4) are also
needed for the analysis in Section 3.

By assumption (ii), we have
0
dy

< K(IVYi| +[VZi),

where K is the upper bounds of %5 and %, that is to say F(t,Y:, Z;, VY, VZ,)
grows at most as a linear function of VY; and VZ;. Therefore the estimations

of VY (t) and VZ(t) are similar to those of Y (¢) and Z(t), here we just give the
conclusions without proofs.

0
f(tv}/fm Zt) + VZti

‘F(t7}/t7Ztvv)/tvvzt)| = |V}/t 32’

f(t,Y;g, Zt)|

Proposition 5. Suppose that (VY (t),VZ(t)) is the solution of the variational equa-
tion (4) with VY (t + h) = n, then we have (h < 1)

t+h
E|VY (1) +E/t IVZ(s)|*ds < K(1+ En|*).
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Proposition 6. Under the same assumption of Proposition 5, we have
E‘VYt-HL,n(t) - 7I|2 < K(l + E|TI|2)h,
[B(VYiinn ()T (VYiiny(t) = m)| < K1+ Blnf*)h.

3. Fundamental convergence theorem. Now we are in the position of the state-
ment and proof of the main result in this paper.

Firstly, we introduce the uniform partition 0 = tg < --- < ty = T, and let
h =tgy1 —t,k =0,--- ;N — 1 for simplicity. Denote the approximation of the
solution (Y (t3), Z(tx), F:,) for BSDE (3) at time t3 by (Yx, Zx, F, ), which means
that the numerical approximation (Yj, Z) is also F;, -measurable. Define (Y}, Z)
recurrently by

?k = A(Yk+17 Zk+1a Yka Zk’ h)v

i R St T S ©
Zk = B(Yeq1, Ziy1, VY1, Yao, Zi, VY, h, W (tgy1) — Wits)), )

for some functions A and B such that Y3 and Zj is Fi.-measurable. Here the
terminal value Yy and Zy are two given random variables satisfying (E|Yy —
Y(T)|*)'/? < Kh?* and (E|Zy — Z(T)|?)Y/? < Kh™irdpor2} | respectively, where py
and po are positive numbers.

Remark 3. For the case that the terminal condition is Y(7') = ¢(Wr + x), one
may choose Yy =Y (T) = o(Wr + ) and Zy = VY (T) = Zo(Wr + z).

Taking the generalized #-method proposed in [10] for example,

Vi = Ef [Yisa] + 010 f (i, Yie, Zie) + (1 = 01)hEY [ f (tkt1, Yir1, Zig1)],
OshZy, = O4hE} [Zia] + (03 — 04) EF. Vi1 AW,

tk-+1}

+ (1= 02)RE} [f(thsr, Vi1, Zep) AW,

tk+1]’

where 6; € [0,1],i =1,2, 65 € (0,1] and 04 € [—1, 1] constrained by |04| < 0.

Taking the variation on both sides of the scheme (9), we obtain (VYy, VZy),
which is the approximation of the solution (VY (t;), VZ(tx)) of the variational equa-
tion (4). Also in sequels we make the following notations

Yie =Y (te) = Yo, 0 v (tera) (tk) = Yin ve (1),
Vi =Y, v () = Yoy vy (t),
VY, = VY (ty) = VY 9y ten) (tk) = Zi iy v (tngn) (te) = Z(tr),
VY = VY, v k),
7, = Ztk“yk+1 (tr).
Next, we introduce a definition “closeness under variation”. Since the numerical
methods appearing in [2, 8, 9, 10, 11] are all closed under variation, we study the

fundamental convergence theorem for this class of numerical methods mainly in this
paper, while presenting the result for the rest of numerical methods without proof.

Definition 3.1. If a numerical method is closed under variation, then the numerical
result obtained from applying the method to the variational equation (4) is equal to
the variation of the numerical solution for equation (3), i.e. the following diagram
commutes:
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method

dYt = f(f, Yt,Zt)dt + thWt (Yer_k)

Yr=oWr +x)

_ method _
dvY, = F(t,Y;, Z, VY., VZ)dt + VZ . dW, (V¥ V7))

i}
VY; = a(p(WT +x)

FIGURE 1. commutative diagram

3.1. Statement of the fundamental convergence theorem. For the numerical
approximations of the BSDE (3) which are closed under variation, the theorem on
the mean-square order is stated below.

Theorem 3.2. Suppose that the numerical method (9) for the BSDE (3) is closed
under variation and consistent with order p1 + 1 for the first process Y and order
po for the second one Z in the mean-square sense; more precisely, for arbitrary
0 <t <T—h, the following inequalities hold

(E[Yisne(t) = Yeane(t)))/? < KO hmH, (10)
(E|Zesne(t) = Zepne()*)/? < KCyh?2, (11)
where Oy = (1+ E|¢[%)Y? and Cy = [(1 + E|¢?) + (1 + E|VE)]Y? and € € L*(Q)
is a Fi4p-measurable random variable.
Then for arbitrary N and k =0,1,--- , N, the following inequalities hold
[BIY (t) = Yal?]'/? < KCua™, (12)
[E|Z(tk) — Zg|*)/? < KCyhmimprpe}, (13)
where C1 = (14 E|Y(T)|*)Y/? and Cy = [(1 4+ E|Y(T)?) + (1 + E|VY(T)[?)]*/2.

Remark 4. The mean-square orders of convergence for the first and second pro-
cesses are p; and min{py, p2 }, respectively, which will be denoted by (p1, min{p1, p2})
in the following.

Remark 5. The conditions (10) and (11) above are parallel to these in Milstein’s
convergence theorem [5]. Some numerical approximations as examples are presented
in Section 4 to verify Theorem 3.2.

Throughout the paper, ¢ is the value of Y at time ¢+ h, which may be Y (t+h) or
the approximation Y; ;. V& is the variation of ¢ with respect to x and represents
the value of VY at time ¢ 4+ h. n and V7 have the same meaning.

Since the numerical method is closed under variation, after applying the same
numerical method to the variational equation (4), we get (VY, VZ;). The order
of local error of VY}, is the same as that of Yy, i.e.,

(E[VYiinve(t) = V¥ienve(O))? < K(1+ E[VEP)2hrt, (14)
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In another case of the numerical method is not closed under variation, we assume
that the order of the local error of VY} is p3 + 1, i.e.,

(E|VYiinve(t) — Vi ve(t))Y? < K(1 4 E|VE?)Y/2ppstt,
Similarly, we have
[E[Y (ty) — Yil’]'/? < KC1hP",
[E|VY (tx) — VYi|2]Y? < KCyhmindpaps},
[E|Z(tk) — Zk|2]1/2 < KC’Qh"”'”{PLPzJ)?,}.

which is presented here without proof, since its proof is similar to that of Theorem
3.2.

3.2. Lemmas. To prove the above fundamental convergence theorem, we need
some lemmas firstly.

From the assumption (ii), we know that f : Q2 x [0, 7] x R x R% — R is Lipschitz
with respect to x and y for some positive constant K, i.e., V(z1,y1), (z2,y2) €
R x R?,

|f(t,:c1,y1) - f(t,$2,y2)| < K(|3’J1 - IL’2| + |y1 - yQD

This property is used in the proof of the following lemma.

Lemma 3.3. Suppose that &, n € L?(Q) are the potential values of Y at time t+h,
which are Fyyp-measurable. Then we have

ElYiine(t) = Yienn () < EI§ —n?(1+ Kh).

Proof. As in Proposition 2, following from It6 formula, we obtain

1 t+h
ElYeinelt) = Yirna@F + 5 [ Zeonel®) = Zenalo) ds
t

t+h
< B¢ g + KE / o c(s) — Youn (o) do
t

By Gronwall’s lemma, one gets
E|Yiine(t) = Yipnn (O] < BlE —n* (1 + Kh).

Therefore the proof of this lemma is completed. O

Lemma 3.4. For k=0,1,--- N, the following inequality holds
B|Yi* < K1+ ElY(T)*) = KC.

Proof. First of all we need to prove the existence of E|Y;|?, k=0,---, N. Suppose
that E|Yy;1]? < co. Then, using the condition (10) in the statement of Theorem
3.2

ElY, iny,,. @) — Yt—i—h,YkH O)* < K(1+ B|Yjq1[})R2P D,
and the conclusion of Proposition 2, the boundedness of £ V|2 is obvious. Since
E|Yy|?> = E|Y(T)|* < oo, we have proved the existence of all E|Y;|?> < oo, k =
0,---,N.
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Consider the equation
E‘Yk‘Q = E|Yk+1|2 + E|Ytk,+1,17k+1 (tk) - Ytk+1,?k+1 (tk)|2
+ ElYy,, viy (t6) = Vi1 |2 + 2BV 1 (Y, iy (B2) — Vi)

+2EY 1 (Y, vews (t6) = Yip o i (1))
+2E(Y,, 0 v () = Ve v G) (Ve s vy (Bk) — Yit1),

from Proposition 3, we have
EY,, . $ioen (te) = Vi | < K(1+ E|Yiea[*)h.
Further, we obtain
20E(Ye,,, v () = Yo, v (66) (Ve iy (1) — Vi)
< 2B, v (tk) = Vi v, G2 (B v (1) = Yiepa )2
< K(1+ B[V 23,
Also from (10), we have
2EYkZl(}7§tk+1,Yk+1 (tk) = Yi, oy Vira (tk))
< K(EYera ) 2BV v () = Yoy i (0012
< K(1+ EYjaP)hP
and following from Proposition 3 and Proposition 4, we have
2BV (Yoo, i (B) = Yaga)
= 2BV, v, (00) = Yer1 P +2BY, v, (80T (Yo 9, (B) — Vi)
< K(1+ E|Yiq1]?)h.
Therefore we arrive at the inequality
E|Yi? < EYVi1 > + K1+ E|Yig1|))h < (14 KR)E|Yy 1> + Kh.

Hence, we obtain
BIYi? < K(1+E[Y(D)P).
This completes the proof. O

From the boundedness of Z; and VZ;, we know

Ft, Yy, 20 vy vz - Py, zP vy vz

< |Wf”a%f(t, Y, 70y - VY;(Q)(%J”(t, v, 70

4 |v1@<2>§yf<t, v, z0) vxfé”(%f(t, v, 7))

o0 0

+ vz = p, v, 20y = vz = pe, v,z
0z 0z
o 1o}

1920 L 16,30, 2% 92 L 164, 20

<KW Y +120 - 22|+ vy vy v vz) - vz?)

that is to say F(t,Y;, Z;, VY:, VZ,) is Lipschitz with respect to Vi, Z;, VY; and
VZ;. So for the variational equation (4) and the variation of numerical method
VY, we have the similar estimates.
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Lemma 3.5. For the variational equation we have
B|VYiinve(t) = Vinvq()? < BIVE = Vil*(1+ Kh) + KB|¢ —n[*h.

Proof. Since
VYiinwe(t) = VYinwy(t) = VE—Vn

[ Vo6 29, Do 9, Ve els)
= F(8,Ye4n,0(8) Ztann(8), VYianwn(s), VZiin,vny(s))]ds
+ /:Jrh[VZtJrh,vg(s) —VZin,vn(s)|dW,

and It6 formula, we have

t+h
BV Yiinwe(®) ~ ViansaOF + B [ [VZiinwels) = ¥ Zeinmys) s
t

t+h
= BIVE= Vol =28 [ (¥isnvels) — VVisnwals)) (Fr = Fa)ds
t
< E|VE - Vnl?
t+h
F2KE [ [VYime(s) = Ve on(s)|(Viene(s) = Yeona(o)
t
+2|VYiin,ve(s) = VYinwn ()| + [V Ziinve(s) = VZign,wy(s)])ds
< E|VE - Vnl?

t+h
FE [ (Veonels) = Yina(o)P + K VYisnzels) = Wiz o)l
t

1
+ 51V Zesnve(s) - VZein,vn(s)[*)ds.

Therefore,

1 t+h
EIVYinselt) = Vianso@F + 5 [ [VZunse(s) = Vzianwa(o)ds
t
t+h
SEIVE-VaP+E [ [Veane(s) — Yirna(5)ds
t

t+h
L KE / VYsinwe(s) — V¥ignals)ds
t

< E|VE -V + KE[¢ —n[*h

K8 [ [DViels) - TP
Obviously, by the Gronwall’s lemma, one gets
E|VYiin,ve(t) = V¥ignvn(t)|* < EIVE = Vnl*(1+ Kh) + KE|¢ — n*h.
The conclusion of this lemma is proved.
Lemma 3.6. For k=0,1,--- , N, the following inequality holds
E|VYi|? < K(1+ E|VY(T)]?).
Proof. The proof is the same as that of Lemma 3.4.
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3.3. The proof of the fundamental convergence theorem.
Y(tk) - Yk = Kﬁk+17Yk+1 (tk) - Y;tk+1,17k+1 (tk)
= [nk+17yk+1 (tk) - )/Ifk+1,)7k+1 (tk)]

F Ypr Vs (B6) = Vi) 93y (B5))]

Taking the mean-square of both sides of the above equation, we obtain

EIY (te) = Y (te)[* = B[V, i () = Yo iy, ()]
+EIY,, v (t) = Yo vy, (801
+2B[(Ye 1y vies (B0) — Yoy v, (B0))
(Yipor Tows (t6) = Yo oL 33, (80))]-
By the conclusion of Lemma 3.3 we have
EYy v (t6) = Ye o, 9 (8012 < BlYiir = Yia [*(1+ Kh),

and by (10) and Lemma 3.4, we get
E|Y;5k,+1,17k+1 (tk) - 1_/;516+1,Yk+1 (t/f)lz < K(l + E|Yk+1|2)h2pl+2
< K(1+ E|Y(T)P)h*+2.
So the last summand in (15) is
2E[(nk+layk+l (tk) - }/tk'+17)7k+1 (tk))(l/—tk+1,yk+1 (tk) - )_/tk+17)7k+1 (tk?))}
< K(E|Yig1 — Yeq1|H)Y2(1+ E[Y(T)?) Y/ 2per 1
< KhE[Yiy1 — Vi P + K(1+ E[Y (T)2)h2+,

where the last inequality follows from the relationship ab < 1 (a® + b?).

2063

(15)

(16)

(17)

(18)

Let (¢%)% := E|Y}, — Yi|?. The relations (15)-(18) lead to the inequality (h < 1)

+ Kh(sy™)? + K(1 4 E|Y/(T)[?)h*
< (e¥TH2(1+ Kh) + K(1 + E|Y/(T)|?)h?P2 !

(€5)2 < (5F12(1 + Kh) + K (1 + E|Y (T)[?)h2+2

Taking account of the fact that e < KhP1, we have
b < K(1+4 E|Y(T)*)Y2hPr = KC hP.
We can compute the global error of VY, in parallel.
(e%y)? 1 = E|VY (tx) — VY3|?
= E|VY; 0 i () = VY wvis, (B0
+EIVY, v, () = VY vv, (0]
+2E[(VYiy, wvis () = VY, wvp, (80))T
(VY% v () = VY oy, (B))]
By the conclusion of Lemma 3.5, we have
E|VYi . vy (k) = VY oy, ()]
< E|VYii1 — VY12 (L+ Kh) + KE|Yi11 — Yea[*h
< E|VYii1 — VY P(1+ Kh) + K(1 + E|Y/(T)*)h**H,

(19)
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and by (14) and Lemma 3.6, we get
EIVY,, 99, () = VY, | ov,, ()2 < K(1+ E[VYqa [) R0+
< K(1+ E|VY(T)]*)h?+2,
So the last summand in (19) is
2B(VYi 1, vvi () = VY wrig, (80))T
(VY 9% () = VY oy, (B)
< K(E|VYii1 — Vi |2(1+ Kh)
+ K(14 E[Y/(T)[)h*H)Y2(1 + E|VY (T)|?)'/2hPr+1
< KE|VYii1 — VYiii|?h
+ K(1+ B|Y(T)*)R*' 2 + K(1+ E|VY (T)|?)h?1+,
Therefore we obtain
Xy < KCyhPr.
At last,
(e%)? 1 = ElZ(te) — Zkl* = E|Ze, vy () = Ziy 5, (B1) ]
S KE|Zyy o, Vi (1) = Zoy v ()
+KEB|Zy,,, 90y (t6) = Zi 0 ()]
= KE|VYy,, vvii, () = VYo, vy, (0]
+KEB|Zy, 90y (t) = Zi sy s (8]
< KE|VYii1 — VY12 (1 4+ Kh) + KE|Yy 11 — Yip1)?h + KC?h?P2
< KC3h*' + K(1+ E|Y(T)[*)R*"* ! + KC?h2P>
< KC2pmin{2p12p2},

So the proof of Theorem 3.2 is completed.

4. Examples. For equation

T T
Y = o(Wp +x) + / f(s,Y,)ds — / ZdW,, (20)
t t
consider the explicit Euler method of mean-square order (1,1)

Vi = By, (Yeg1) + hf (trg1, Yiy1), Yo = (W),
hZy = By, (Y1 AWgpy).

First we check the closeness under variation of the method. The variational equation
of (20) is

o r ) r
Yi= Y- f(s,Ys)ds — ZsdWs.
VY, 6xgo(WT+:c)+/t \Y ayf(s )ds /t VZdW.
Applying the method to it, we get
_ _ __ 9 _
VY = By (VY jq1) + hVYk+187yf(tk+1a Yit1),

W Z), = By, (VY s AWi11).
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In another way, taking variation on both sides of the method, we have
_ _ ! _
VY = By, (VYii1) + hvymlafyf(tkﬂy Yit1),
hVZk = Etk (VYk+1AWk+1).

Obviously, VY, = VY, and VZ, = V7, that is the method is closed under
variation. One have

tht1
Y, e(t) = Vi, elti)] < / By (1£(,Y2) — Fltns1,6))ds

tr
tht1

<Kh+K B, (|Ys — €|)ds

ty

< K(1+ By, (1€°)"/R2,
therefore,
E(|Y2k+17€(tk) - Ytk+17$(tk)|2) < K(l + E(|§|2)>h47

that is p; = 1.
We can rewrite equation (20) as

trt1

tht1
hZ;, = E, (YtHlAWkH) —|—/ Ei (f(s,Ys)AW;)ds — / E. (Zs — Zy,)ds.

tr tr
Then

h2|Ztk+1,§(tk) - Ztk+1,£(tk)|2
trt1 th+1
Ey (f(s,Ys)AW,)ds — / B (Zs — Zy,)ds|?

= |
tk tk

< Kh / B (F(5,Ye) — Flte Yoy ) AW,))2ds

ti

tht1
+ Kh / (B (Zs — Zy,))%ds

tr

< K((1+ B (I€1%) + (1 + B (IVE]*)n!
therefore we have
E(lztk+17§(tk) - Ztk+17f(tk')|2) < K02h27

that is po = 1. The mean-square order (1,1) of the explicit Euler method is known
also from the convergence theorem 3.2.

The 6-scheme for equation (20) is considered in [11], which is also closed under
variation

Vi = Ef Vi1 + (1 = O)hE? [f (teg1, Yiy1)] + Ohf (tr, Vi),
0= Eyf, [Yk+1AWt7;:+1] + (L= O)hEY [f(tkr1, Yk+1)AWt7;:+1]
—{(1- Q)thk [Zk+1] + Gth},

They obtain that the mean-square orders of local error of this scheme are p; =

2,pp = 3,if 0 = % But the mean-square order of convergence is (2,1). In their

Remark 3, they mentioned that for Zj, they only prove first-order convergence
theoretically, but their numerical experiments show that the convergence rate is
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higher than one. From our fundamental convergence theorem, we know the mean-
square order of convergence for Z should be 2, which agrees with their numerical

experiments.
For the BSDE of the following form

T T
Y, = o(Wr + ) + / f(5,Ya, Z,)ds — / Z,4W,.
t t

a family of numerical methods which is closed under variation is considered in [10],
Yi = Ef [Yiqa] + O0hf (te, Yi, Zi) + (1 — 00)REL [f (tes1, Yiy1, Zega)],
O3hZ), = O4hE} [Zir] + (03 — 02) EF [Vier AW, ]

k41
+ (1= 02)RE} [f(ths1, Yerr, Zey) AWLL ],

where 6; € [0,1],i =1,2, 65 € (0,1] and 04 € [—1, 1] constrained by |04| < 0.
IfpeCPand f € C; 33 one has that the mean-square orders of local error are
p1 = 1,p2 = 1; the mean-square order of convergence is (1, 1), the results accord

with our fundamental convergence theorem. If ¢ € C? and f € 05’2’2, one has that
the mean-square orders of local error are p; = %,pg = %; the mean-square order
of convergence is (%, %), the results match our fundamental convergence theorem.
This indicates that the assumptions (i) and (ii) are sufficient.

If we check other schemes mentioned in [2, 8, 9, 10, 11], we will find that they

also coincide with the fundamental convergence theorem.

5. Conclusion. We consider an important class of BSDEs with final condition
X = ¢(Wr + x) and propose the fundamental convergence theorem on the mean-
square order of numerical approximations for this class of BSDEs, which shows
that the mean-square order of convergence is (p1, min{p,p2}), if the numerical
approximation is closed under variation, where p; + 1 and ps are mean-square
orders of the one-step approximation for the first and second processes of the BSDE,
respectively. The presented examples match our theoretical result. In our following
works, We will consider the case of a broader class of BSDEs where the terminal
condition is a function of a forward SDE.
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